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Preface

You have with you the latest version of VPG/NISA; a proven and robust Finite Element Analysis 
software that has enjoyed a long-standing presence in the arena of Engineering Analysis and Design. 
Generations of scientists, engineers and researchers have come to depend on NISA to solve their most 
complex engineering problems. 

With the take over of NISA by Cranes Software, Inc. in 2005, came an induction of fresh talent and 
resources which has taken NISA to where it is today. Over the last two years Cranes has put together an 
exceptional team of engineers and substantial funds and transformed NISA into one of the market 
leaders once again. Many past users are delighted with NISA's new capabilities and have come back to 
the software they loved and were at ease with. 

With Version 16.0, we have carried forward the significant improvements we initiated with Version 
15.0 with respect to interoperability and performance. In addition to enhancing the healing capabilities 
during translations, CAD Support has been extended beyond what was supported in Version 15.0 to 
include Siemens® UGS PLM Software™ and Autodesk® Inventor™. With the introduction of the 
multi core Intel® PARDISO™ solver, the performance of NISA has vastly improved for structural, 
fluid and electromagnetic problems. A new plug-in frame work has been introduced in DISPLAY IV 
which allows users to extend the capabilities of DISPLAY IV beyond what is implemented.  This open 
architecture of VPG will also allow for greater partner participation.  Parametric programming using 
MACRO has been further extended. 

Significant updates and error corrections have been made to individual modules of VPG/NISA. Special 
care has been taken to maintain the quality of the manuals which the industry has grown to appreciate. 
These have been totally revamped as per the new features and look of the product. New additions to the 
various modules have been consolidated and presented in an integrated manner. We hope the Version 16 
experience is a great one for you. Your feedback on the software and documentation is very valuable to 
us; please let us know how we can improve to serve you better.





Guidelines for Using this Manual

VPG/NISA is a large scale general purpose finite element program with diversified capabilities
for the analysis of a wide range of engineering applications. It is important to note, however, that
the user is not expected to read the entire manual before using VPG/NISA for solving problems.
At the same time, it is assumed throughout this manual that the user has a basic knowledge of
engineering mechanics and the finite element method.

Guidelines for effective use of this manual follows, as well as references to other pertinent VPG/
NISA documentations and support.

How to Access Information in this Manual

Various cross-references, listings, quick reference tables and figures are provided through-
out this manual. To aid the user in accessing a particular topic or an input item, the follow-
ing global tables maybe consulted:

- Table 4.1 to Table 4.3 summarize element types, applicability, features and required
element input data.

- Table 5.3 and Table 5.4 provide an alphabetical listing of all executive commands and
data group identification names.

- Table 3.1 to Table 3.2 provide descriptions of output quantities and how to request
them.

Getting Familiar with VPG/NISA Capabilities

It is recommended that the user start the manual by reading Introduction Chapter 1 and The-
oretical Overview Chapter 2, summarizes VPG/NISA capabilities in an easy-to-read point
format. A detailed description of the capabilities is given in Chapter 3. To get acquainted
with the element library, the user should review Section 4.1 before proceeding to the
detailed element description. Quick element reference guides are provided in the description
of each element.

Recommended modeling practices, given in Appendix A, should be considered in preparing
the model. Users interested in theoretical aspects should review Chapter 2. It should be
noted that the capabilities not applicable to the particular problem being solved may be
entirely skipped.



VPG/NISA Input Data Structure and Preprocessing

It should please the user to know that the entire VPG/NISA data deck (with few exceptions)
may be generated interactively using VPG program. VPG is a 3-D color graphics program
with extensive modeling capabilities, CAD/CAM interface (directly or through IGES for-
mat), and both command and menu driven modes with on-line help.

The user should review Chapter 5 to learn about free format rules and the input data setup
for various analysis types.

Finally, Chapter 6 through Chapter 7 should be used as a reference to provide detailed
description of each data group. The data groups are arranged by function and presented in a
sequence that closely follows the procedure of finite element modeling.

Output Request and Postprocessing

Table 3.1 to Table 3.2 should be consulted for quick reference of output quantities from
each analysis type and how to obtain them. A sample static analysis problem is given in
Appendix B to aid beginning users in understanding input and output specifications.

It is recommended to use the VPG program to obtain graphical representation of the
results.Section 3.9 should be reviewed for postprocessing procedure and features.

Related Documentations and VPG/NISA Seminars

In addition to this user manual, provides other documentations. Among these, the VPG/
NISA training manual provides detailed description of model generation, analysis and post-
processing for sample problems using VPG and VPG/NISA programs. The VPG/NISA ver-
ification problems manual contains a large number of problems covering a wide range of
program capabilities and may be used as a source of sample problems.
-xii



Chap ter

1
Introduction

1.1 General Description 
VPG/NISA (Numerically Integrated elements for System Analysis) is a general purpose finite element
program developed and maintained to analyze a wide spectrum of problems encountered in engineering
mechanics. A brief overview of VPG/NISA capabilities is given below. Detailed description of the
capabilities is given in Chapter 3. Highlights of the main features of the pre- and post-processor VPG
program are also included. Refer to VPG User’s Manual for details.

Preprocessing
VPG/NISA directly interfaces with the preprocessing module of the VPG program; a 3-D interac-
tive color graphic program with extensive modeling capabilities for finite element model genera-
tion and problem definition. Highlights of the capabilities are: 
- CAD/CAM interface, directly from geometry data base or through IGES format.
- Both command and menu driven modes, with on-line help. 
- 3-D geometric modeling including points, lines, arcs, curves, surfaces and solids as well as

surface intersections. 
- Geometric transformations including translation, rotation, scaling, mirror imaging and dragging

a curve along an arbitrary 3-D path. 
- 3-D interactive finite element mesh generation including automatic node and element

generation. 
- Mesh grading with uniform or non-uniform spacing. 
- Merging separate models into a larger one. 
- Definition of element attributes including material and geometric properties. 
- Specification of loading and boundary conditions. 
- Extensive model editing capabilities. 



Introduction                   
General Description 
- Extensive plotting options including boundary line, hidden line removal and shrink element
plots for selected elements or regions. 

- Color shading and light effects. 
- Model checking including calculation of element areas, volumes, normals, and distortion

index. 
- Complete VPG/NISA data deck generation. 
Input Data Structure 
- Simple modular input data structure and easy to use free format. 
- Descriptive data group identification names (headers) reflecting the function of each data

group. For example, material properties are entered in *MATERIAL data group. 
- The data deck consists of three data blocks: The executive commands specifying the overall

control parameters in simple alphanumeric format, the model data block describing the
model characteristics and finally the analysis data block specifying the loads, boundary
conditions and the output options. 

- Data groups (modules) may appear in any order within each data block, with very few
exceptions. 

- Annotated echo of the input data.
- Extensive data checking with self-explanatory diagnostic messages. 
- Ease of modeling for different analysis types: The input data used in one analysis type can

be used for another analysis type with minor modification. 
Element Library 
- Linear and higher order isoparametric elements. 
- 2-D and 3-D point mass, spring and spar elements. 
- 2-D and 3-D prismatic and tapered beam elements. 
- 2-D plane stress, plane strain and axisymmetric solid elements. 
- 3-D thick shell, solid and hybrid solid elements. 
- 3-D general shell, thin shell and axisymmetric shell elements. 
- 3-D laminated composite shell, sandwich shell and laminated composite solid elements. 
- 2-D axisymmetric and 3-D gap elements, tension-only and compression-only members. 
- Axisymmetric shell and solid elements with non-axisymmetric loading. 
- 2-D planar elements, axisymmetric and 3-D solid elements, 3-D shell and 3-D bar elements

for heat transfer. 
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 General Description 
Material Models 
- Linear elastic material models (isotropic, orthotropic and laminated layered composite).
Kinematic Constraints 
- Coupled displacements, coupled temperatures. 
- Rigid links. 
- General linear, nonhomogenous multi-point constraint (MPC) equations. 
- Automatic resequencing of MPC equations (including rigid link equations). 
- Specified displacement boundary conditions may be changed with loading conditions.
Analysis Types and Loading 
- Linear Static Analysis: 

Loads may consist of concentrated nodal forces, non-zero specified displacement, thermal
loading and body forces due to gravity, angular velocity and angular acceleration. Multiple
load cases with different boundary conditions may be analyzed. Results may be combined
using load combination. 

- Eigen Value Analysis: 
Natural frequencies and mode shapes are obtained, including rigid body mode computation
and Sturm sequence check. Consistent or lumped mass formulation may be used. 

- Buckling Analysis:
Bifurcation buckling is determined in terms of load factors and mode shapes.

Solution Techniques 
- Built-in element resequencing algorithm for wavefront minimization. All input

specifications and output requests are in terms of the user’s element identification numbers. 
- Efficient wavefront solver with relatively small central memory and disk space requirement. 
- Conventional and accelerated subspace iteration, inverse iteration, and Lanczos methods for

eigen value extraction. 
- Parallel Direct Sparse of INTEL MKL library.
Output Features 
Various output options are offered to meet individual requirement, with comprehensive output
control for all analysis types. Highlights of printed output for various analyses are given below. 
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General Description 
Static, Buckling andEigenvalue Analyses
- Displacements in global or local directions and largest magnitudes of the nodal

displacement vector. 
- Reactions and summation of reactions in global directions 
- Element internal forces and strain energy. 
- Element stresses at centroid, Gauss and nodal points as well as principal stresses and stress

intensities associated with various theories of failure. 
- Element stress resultants for springs, spars and beams. 
- Averaged nodal stresses, nodal principal stresses and stress intensities (von Mises

equivalent stress, maximum shear and octahedral shear stresses). 
- Various options for stress filtering and stress sorting. 
- Natural frequencies/load factors and mode shapes for eigenvalue/buckling analysis.
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Chap ter

2
Theoretical Overview

2.1 Introduction
This chapter gives an overview of the theoretical basis for each analysis type as well as the basic element
relations. For extensive description of the finite element method, the interested reader should consult
standard texts on the finite element method (e.g., [2.5, 2.19, 2.52]). 

Briefly, the finite element method is a powerful numerical technique for approximate solution of
continuum mechanics problems, and can be regarded as an extension of the Rayleigh-Ritz procedure, since
piecewise continuous trial functions are used. The method is approximate, since a continuum with an
infinite number of degrees of freedom is replaced with a discrete system with a finite number of degrees of
freedom. The method involves subdividing a continuum into a finite number of regions called elements
connected at a finite number of points called nodes to which loads are applied. An approximate admissible
solution is constructed over the assemblage of elements, and the solution continuity is maintained at the
inter-element boundaries. 

The VPG/NISA analysis types are discussed beginning with linear static analysis in Section 2.2. General
description of nonlinear analysis including basic equations and formulation methods is given in Section
2.3. The normal mode method includes transient dynamic, frequency response, random vibration and
shock spectrum analyses. Material models including ideal elastic, elastoplastic and hyperelastic are
described in Section 2.3. Special numerical treatments associated with a particular material model are also
discussed in the same section. 

The element characteristics are discussed in Section 2.4. Unless noted to the contrary, the elements in VPG/
NISA are isoparametric, which means that the same shape functions are used to represent both the element
geometry and the displacement (temperature) variation within an element. To aid in understanding of the
element development, a complete derivation is given for 2-D and 3-D solid elements in Section 2.4.
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Notation

Matrix notations are used throughout. An upper case bold face letter denotes a matrix, e.g., K. A lower
case bold face letter denotes a vector (or column matrix), e.g., u. Superscripts T and -1 denote matrix

transposition and inverse, respectively, e.g.  and . Variables are defined when they first appear.
Right subscripts may refer to nodal points, coordinate direction or components of the quantity. Left
superscripts denote the configuration at which the quantity is measured whereas left subscripts indicate
the configuration to which the quantity is referred. 

Whenever convenient, the indicia1 notation or symbolic tensor notations of continuum mechanics are
sometimes used. Unless indicated to the contrary, repeated indices imply summation over the range,
e.g.,

The quantities needed to present the theory in this chapter are scalars, vectors, second order tensors,
matrices and, occasionally, fourth order tensors, (e.g., constitutive stress-strain relations and their
transformations). These quantities may be expressed in direct matrix notation or in component form as
follows:

The base vectors,  are defined by,

where x is the position vector of a point in the coordinate system and  is the coordinate (i.e., 

may take the value of ) and ‘ ’ denotes the Euclidean norm of the vector. 

scalars a

vector  or  or  or 

second order tensors or  or  or 

matrix  or  or 

fourth order tensors  or  or  

KT K 1–

σijεij σijεij
j 1=

3
∑

i 1=

3
∑=

a ai aiei a{ }

A Aij Aijeiej A[ ]

A Aij A[ ]

A Aijkl Aijkleiejekel

ei

ei
∂x
∂ξi
------- ∂x

∂ξi
-------⁄=

ξ i ξ i
x y z ξ η …, , , , , - 
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In addition to the basic matrix operations, the following vector and tensor operations are used in this
chapter: 

Dot product of two vectors 

Cross product of two vectors

Dot product of two second order tensors

Double dot product of two second order tensors

α = Α : Β or 

A vector derivative is given by,

  in Cartesian coordinate system, and

in Cartesian coordinate system

α a b⋅ aibi aibi
i 1=

3
∑≡= =

a b c× det
i j k

bx by bz

cx cy cz

= =

A B C    or    Aij⋅ BikCkj BikCkj
k 1=

3
∑≡= =

α AijBij AijBij
j 1=

3
∑

i 1=

3
∑≡=

a
t∂

∂v=

t∂
∂viei≡

A
x∂

∂v=

x∂
∂vjeiej≡
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which means that,

A second order tensor derivative is given by,

  in Cartesian coordinate system, and

in Cartesian coordinate system

The following list provides a nomenclature for the most commonly used quantities throughout the
chapter: 

c : damping coefficient

E : modulus of elasticity 

H : frequency response function 

I : invariant of a second order tensor

N : shape or interpolation function 

R : cross correlation function

S : surface area, power spectral density (PSD) function 

t : time 

T : kinetic energy, temperature 

U : strain energy of the body

V : potential of applied loads, volume

b : body force vector

B : strain-displacement matrix 

C : Cauchy-Green deformation tensor, damping matrix

C, D : elasticity or constitutive matrix 

dv ∂v
∂x
------ dx⋅=

B
t∂

∂A=

Aij∂
t∂

----------eiej≡

C
E∂

∂S=

Skl∂
Eij∂

----------eiejekel≡
VPG/NISA User’s Manual 2-4



Theoretical  Overview
 Introduction
D : rate of deformation tensor 

E : Green-Lagrange strain tensor 

F : deformation gradient tensor

I : identity matrix

K : stiffness matrix, conductivity matrix 

L : velocity gradient tensor, Influence Matrix

M : mass matrix 

p : vector of applied forces 

q : vector of generalized or normal coordinates

q, Q : heat flux vector 

r : position vector 

R : transformation matrix

S : second Piola-Kirchhoff stress tensor

t : surface traction vector 

T : transformation matrix

u : displacement vector, nodal displacement vector 

: nodal displacement vector 

: velocity vector

: acceleration vector

x : position vector

: engineering shear strain, participation factor 

: first variation

: Kronecker delta

: increment 

: strain tensor, strain tensor arranged in a vector form, or Euler-Almansi strain tensor

: Poisson's ratio

: damping ratio, isoparametric coordinate

u

u·

u·· a,

γ Γ,

δ

δij

Δ

ε

ν

ξ
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The following provides a nomenclature for the most commonly used subscripts and superscripts:

: total potential energy

: density 

: stress tensor

: eigenvector, mode shape

: angular velocity, natural frequency, driving frequency

, : derivative with respect to a coordinate direction 

-1 : inverse of a matrix or a second order tensor 

1, 2, 3 : components of a vector, coordinate directions

1, 2, 3, ......, n : nodal numbers, mode shapes 

b : body forces, internal heat generation

c : concentrated quantity, cosine component of a load, conductivity quantity

d : damping 

e : element quantity, elastic quantity

G : initial stress, geometric

h : convection B.C. quantity 

i, j, k : components of a vector or tensor, elements of a matrix, dummy indices,
model quantity 

i, (i+1) : iteration number

k : nodal quantity

lin : linear component or part of a matrix or tensor

l, m, n, p, q : coordinate directions, dummy indices 

nc : non conservative

nl : nonlinear component or part of a matrix or tensor

0, t, : time (or configuration at) , respectively

p : plastic 

r : modal quality, radiation 

Π

ρ

σ

ϕ Φ,

ω Ω,

t Δt+ t 0= t t, , Δt+
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s : surface quantity, sine component of a load 

: time points, , and 

tot : total value of a matrix or tensor

T : transpose of a matrix or a tensor

x, y, z : coordinate directions

: strain rate dependent quantity

: time (or configuration at) 

t0 tf, t t0= t tf=

ε·

τ t τ=
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2.2 Linear Static Analysis 
The total potential of an elastic body under general loading may be defined by [2.1], 

(2.1)

where, U is the strain energy of the body and V is the potential or the potential energy of the applied
loads 

The principle of minimum potential energy states that among all the admissible displacement fields u
which satisfies the prescribed kinematic boundary conditions, the actual displacement is the one that
makes the total potential energy stationary. Therefore Equation (2.1) gives,

 (2.2)

where,

(2.3)

(2.4)

where, 

σ and ε list the components of the stress and strain tensors in a vector form,

(2.5)

(2.6)

b and t are the body force and surface traction vectors,

(2.7)

(2.8)

u is the displacement vector given by, 

 (2.9)

Π U V+=

δΠ δU δV+ 0= =

δU σTδε Vd
V
∫=

δV– δ uTb Vd δ uT t Ad δuc( )
T

pc+
A
∫+

V
∫=

σT σxx, σ yy, σ zz, σ xy, σ yz, σzx[ ]=

εT εxx, ε yy, ε zz, 2ε xy, 2ε yz, 2εzx[ ]

εxx, ε yy, ε zz, γ xy, γ yz, γzx[ ]

=

=

bT
bx by bz, ,=

tT
tx ty tz, ,=

uT u x uy uz, ,[ ] u1 u2 u3, ,[ ]≡=
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and, finally  is a vector listing the displacement components corresponding to the concentrated
forces . Equation (2.2) through Equation (2.4) indicate that for an arbitrary virtual displacement 
satisfying the prescribed kinematic boundary conditions, the virtual work done by the internal forces is
equal to the virtual work done by the external forces. This is exactly the principle of virtual work [2.1].
It is important to note that the principle of virtual work holds for any kinematically admissible virtual
displacements and it is independent of the material stress-strain relationship.

In finite element analysis, a continuum is discretized by a number of suitable finite elements which are
interconnected through nodal points on the boundaries of the elements. The total potential of the

continuum, , may be considered as the sum of the individual element contributions , so that,

(2.10)

where, m is the number of elements. The integrals in Equation (2.3) and Equation (2.4) are thus
performed for each element individually and summed over all the elements. 

For finite element formulations based on the principle of minimum potential energy, the displacements

within the element , are assumed to be function of the element nodal displacements ,

 (2.11)

where,  is the displacement shape or interpolation function, and  is the vector of nodal
displacement components of a typical element, 

(2.12)

where, n is the number of nodes for a typical element. 

Element strains  are now calculated by differentiating the appropriate displacement
components in Equation (2.11),

(2.13)

where, B is the appropriate strain-displacement matrix, and  is the nodal displacement vector.

(2.14)

uc

pc δu

Π Πe

Π Πe

e 1=

m
∑=

ue uk

ui
e( ) x y z, ,( ) Nk x y z, ,( )ui

k  or
k 1=

n
∑=

u e( ) N u e( )=

Nk x y z, ,( ) ui
k

ui
k{ }T ui

1 ui
2 ui

3 ui
4 …ui

n, , , ,[ ]=

ε e( ) x y z, ,( )

ε e( ) x y z, ,( ) B x y z, ,( )u e( )=

u e( )

u e( ){ }T u1
1 u2

1 u3
1 u1

2 u2
2 u3

2 … u1
n u2

n u3
n, ,, , , , , ,[ ]=
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For a linear elastic material, the stress-strain relations may be expressed in the form: 

(2.15)

where, C is the elasticity or material matrix and ε0 is the initial strain or most commonly the thermal
strain vector. Various forms of the material constitutive matrix C for isotropic and orthotropic
materials as well as forms for specific element types are given in Section 2.3.

Substituting Equation (2.3) through Equation (2.27) into Equation (2.2) and considering arbitrary
virtual displacements, we obtain the equilibrium equations of element assemblage in the form:

 (2.16)

where, u is the global nodal displacement vector (the bar is dropped for convenience, i.e. ), and
the matrix K is the global stiffness matrix of element assemblage.

(2.17)

The total load vector p includes the effect of the body forces, , the effect of the element surface
tractions , the effect of the initial strains, , and finally the concentrated forces   , where,

 (2.18)

(2.19)

(2.20)

Note that in Equation (2.17) through Equation (2.20), the summation sign is symbolic and should be
interpreted as an assembly operator, for example,

(2.21)

(2.22)

σ C ε ε0–( )=

Ku p=
pb ps po pc+ + +=

u u≡

K K e( ) BTCB Vd
V
∫

e 1=

m
∑=

e 1=

m
∑=

pb

ps po pc

pb NTb Vd
V
∫e 1=

m
∑=

ps NTt Ad
A
∫e 1=

m
∑=

po BTCε0 Vd
V
∫e 1=

m
∑=

K J e( )
T K e( )J e( )

e 1=

m
∑=

pb J e( )
T pb

e( )
e 1=

m
∑=
VPG/NISA User’s Manual 2-10



Theoretical  Overview
 Linear Static Analysis
where,  is a binary matrix that relates the element displacement vector to the global displacement
vector of the entire system, i.e.,

(2.23)

2.2.1  Body Forces

Gravity loads and inertia loads (due to angular velocity and linear and angular acceleration) may be
applied to any element which possesses a nonzero mass density. With reference to Figure 2.1, the XYZ
system is the rotating frame of reference which rotates with an angular velocity  and angular
acceleration  about the X'Y'Z' system. In general, there is an offset between the global origin O and
the reference point of rotation O'. At the instant shown, the two systems are parallel to each other. A
linear acceleration field  is also applied to the two systems. 

The absolute acceleration of a generic point p can be written as [2.47],

(2.24)

where,

(2.25)

and,

(2.26)

= the absolute acceleration of the moving frame of reference X'Y'Z' due to the
linear acceleration field.

= the stretching-term acceleration (i.e., relative) as viewed by an observer attached
to the  system. 

= the tangential acceleration due to the angular acceleration α. For steady motion
about a fixed axis, this term goes to zero. 

= the centripetal acceleration (due to the angular velocity of the moving axes)

= the Coriolis acceleration (due to the interaction between the angular velocity and
the stretching velocity). 

J e( )

u e( ) J e( )u=

ω
α

aL

ap aL u·· Λr ΩΩr 2Ωu··+ + + +=

r rpo ro ′o–=

Ω

0 ωz– ωy

ωz

ωy–

0
ωx

ωx–

0

Λ,
0 αz– αy

αz 0 αx–

αy– αx 0

= =

aL

u··
X 'Y 'Z

Λ r

ΩΩr

2Ωu·
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For linear static analysis, the terms involving  and  are not considered, and the generic point is
considered on the undeformed configuration. 

The body force vector to be used in Equation (2.18) is, by D'Alembert principle,

(2.27)

where,  is the mass density.

Figure 2.1: Acceleration at a point due to linear and angular motion

u· u··

b ρ ap–=

ρ

VPG/NISA User’s Manual 2-12



Theoretical  Overview
 Constitutive Equations
2.3 Constitutive Equations

2.3.1  Introduction

Constitutive equations for a particular material are simply the relationship between the applied loads or
stresses and the response of the material in terms of displacements and strains. Constitutive relations
are mathematical representation of ideal material responses which is designed to approximate the
physical behavior of the real material. The constitutive equations, available in VPG/NISA, are
intended to describe the macroscopic behavior of the material. In the following sections, we outline the
stress-strain constitutive relations available in VPG/NISA and discuss their assumptions and
limitations.

2.3.2  Ideal Elastic Material Model

A material is called ideal elastic material if a body formed of this material recovers its original shape
upon removal of the applied loads and if there is a one-to-one relationship between the state of stress
and the state of strain. The most common form of the ideal elastic material is the classical elastic
constitutive equations which is often called the generalized Hooke’s law. These are nine equations
expressing the stress components as a linear homogeneous function of the nine strain components, or
in a tensorial form,

(2.28)

where,  is the Cauchy stress tensor,  is the small strain tensor, and C is a fourth order constitutive
tensor. In the above general form, 81 material constants are required to describe the behavior of the
material. Considering symmetry of the stress and strain tensors and assuming the material to be
elastically isotropic, Equation (2.28) reduces to [Ref. 2.16],

(2.29)

which only needs two constants (Lame's elastic constants λ and μ) to describe the material behavior.

Currently, two linear elastic material models are available in the VPG/NISA material library. These
are:

- Linear elastic isotropic model
- Linear elastic orthotropic model

σij Cijklεkl

or σ C ε

=

=

σ ε

σij λδijδrs μ δirδjs δisδjr+( )+[ ]εrs=
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In the linear elastic isotropic model, two constants are required to describe the material behavior, the
modulus of elasticity or Young's modulus, E, and the Poisson's ratio, v. Various stress-strain matrices,
for this material, for different elements are summarized in Table 2.1. For these matrices, the stress and
strain tensors are arranged in a vector form and the constitutive tensor is arranged in a square matrix
form.

In the linear elastic orthotropic model, there exists three mutually perpendicular planes of elastic
symmetry at each point in the material. A plane of elastic symmetry exists, if the elastic constants are
invariant for every pair of coordinate system which are mirror images of each other in this plane. If we
identify the principal axes of elastic symmetry by (1, 2, 3), the constitutive relations for orthotropic
material in the principal directions may be written as [Ref. 2.17],

(2.30)

where,

[C] = 

 

and Eii is the elastic modulus in the direction i, (i = 1,2,3); vij is the Poisson's ratio characterizing the
strain in the j-th. direction produced by a stress in the i-th. direction, (i, j = 1,2,3), and finally

 are the shear moduli in the (1,2), (2,3), and (3,l) planes, respectively. It should be also
noted that symmetry conditions give rise to the following reciprocity relation:

σ11

σ22

σ33

τ12

τ23

τ31⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

1
α
---⎝ ⎠

⎛ ⎞ C[ ]

ε11

ε22

ε33

γ12

γ23

γ31⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

=

E11 1( v23v32 )– E22 v12( v13v32 )+ E33 v13( v12v23 )+ 0 0 0

E22 1( v13v31 )– E33 v23( v21v13 )+ 0 0 0

E33 1( v12v21 )– 0 0 0

αG12 0 0

αG23 0

SYM αG31

α 1 v12v21–= v23v32 v31v13 v12v23v31 v21v13v32––––

G12 G23 G31, ,
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(2.31)

An extension to the above two linear elastic material models is the case where the constitutive
coefficients are temperature dependent. In such case, the constitutive tensor will be constant for a
given temperature. In VPG/NISA, all the linear elastic constants, for isotropic or orthotropic materials,
may be temperature dependent. The user may express a particular property as a polynomial function of
temperature with the polynomial order of up to the fourth order.

Table 2.1: Stress - Strain matrices for linear isotropic elastic material

PROBLEM Stain 
Vector

Stress 
Vector Material Matrix D

Bar exx E

Beam Kxx Mxx EI

Plane stress

Plane strain

Axisymmetric**

v12E22 v21E11=

v13E33 v31E11=

v23E33 v32E22=

or     vijEjj vjiEii=      no sum( )

σxx

εxx

εyy

γxy⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫

σxx

σyy

τxy⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫

E

1 v2–⎝ ⎠
⎛ ⎞
----------------

1 v 0
1 0

SYM 1 v–
2

-----------

εxx

εyy

γxy⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫

σxx

σyy

τxy⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫

E 1 v–( )
1( v ) 1 2v–( )+

-------------------------------
1 v

1 v–
--------- 0

1 0

SYM 1 2v–
2 1 v–( )
-------------------

εxx

εyy

εzz

γxy⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

σxx

σyy

σzz

τxy⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

E 1 v–( )
1( v ) 1 2v–( )+

-------------------------------

1 v
1 v–
--------- v

1 v–
--------- 0

1 v
1 v–
--------- 0

1 0

SYM 1 2v–
2 1 v–( )
-------------------
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E = Young's modulus
 = Poisson's ratio
 = shear factor (1.2 is commonly used)

* The stress - strain relationship must be given in shell local coordinate system with z direction
through the thickness
** For axisymmetric analysis, x is the radial direction, y is the axial direction and z is the
circumferential direction.

3-D

Shell*

PROBLEM Stain 
Vector

Stress 
Vector Material Matrix D

εxx

εyy

εzz

γxy

γyz

γzx⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

σxx

σyy

σzz

τxy

τyz

τzx⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

E 1 v–( )
1( v ) 1 2v–( )+

-------------------------------

1 v
1 v–
--------- v

1 v–
--------- 0 0 0

1 v
1 v–
--------- 0 0 0

1 0 0 0
1 2v–

2 1 v–( )
------------------- 0 0

1 2v–
2 1 v–( )
------------------- 0

SYM 1 2v–
2 1 v–( )
-------------------

εxx

εyy

γxy

γyz

γzx⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

σxx

σyy

τxy

τyz

τzx⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

E

1 v2–⎝ ⎠
⎛ ⎞
----------------

1 v 0 0 0
1 0 0 0

1 v–
2

----------- 0 0

1 v–
2φ

----------- 0

SYM 1 v–
2φ

-----------

ν
φ
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2.4 VPG/NISA Elements

2.4.1  Concentrated Mass Elements (NKTP = 25-30)

The concentrated mass elements in VPG/NISA include 2-D mass (NKTP = 25), 3-D mass (NKTP =
26), 2-D general mass with different masses in X- and Y- directions (NKTP = 27), 3-D general mass
with different masses in X-, Y- and Z- directions (NKTP = 28), 2-D general mass with rotary inertia
(NKTP = 29), and 3- D general mass with rotary inertia (NKTP = 30).

Concentrated mass elements may be used to represent inertia properties and to apply loads due to body
forces. These elements possess no structural stiffness. The mass matrix for the 3-D general mass
element with rotary inertia effects (NKTP = 30), associated with 6 DOFs (3 translations and 3
rotations) is given by,

(2.32)

where,

: masses in the X, Y, and Z directions respectively. Normally  and , are equal to ,
unless it is desired that the resistance to acceleration be orientation dependent.

: mass moments of inertia about the element X, Y and Z axes, respectively. The element
coordinate axes are located at the mass center of gravity and are parallel to the global Cartesian
coordinate axes. The moments of inertia are defined as,

, (2.33)

where, x, y and z are measured from the mass center of gravity.

The mass matrix given is Equation (2.32) is specialized for the NKTP = 25-29 elements according to
the DOF for each element.

Body force vectors for the above elements are available for gravity loading or linear acceleration,
centrifugal loading due to angular velocity and tangential loads due to angular acceleration. See Section
2.2 for discussion of the equations of body force calculations.

M diag Mx My Mz Ixx Iyy Izz, , , , ,( )=

Mx My Mz, , My Mz Mx

Ixx Iyy Izz, ,

Ixx y2 z2+( ) m   Iyy x2 z2+( ) m   Izz x2 y2+( ) md∫=;d∫=;d∫=
VPG/NISA User’s Manual 2-17



Theoretical  Overview                   
VPG/NISA Elements
2.4.2  Spring, Spar and Cable Elements (NKTP = 14-22, 38 and 45)
(i) Shape Functions
This is a group of line elements that may be used for 1-D, 2-D and 3-D analyses. Each element is a
straight one with two nodes (NORDR = 1). The cable element (NKTP = 45) is a tension only element.
For nonlinear analysis, both cable and spar elements have initial tension capabilities. The spring
elements may be used as translational and/or rotational springs.
The axial displacement in these elements is governed by the shape function equation,

(2.34)

where,

(2.35)

and L is the element length.
In case of the spar (NKTP = 14, 15) and cable (NKTP = 45) elements, the element cross-section area
varies linearly along the element axis according to the equation,

(2.36)

where,  and  are the cross-sectional areas at the two end nodes 1 and 2, respectively.

Figure 2.2: General element configuration (NKTP = 14-22, 38 and 45)

u Nk uk

k 1=

2
∑=

Nk 1 x
L
---–⎝ ⎠

⎛ ⎞=

x
L
---=

for k = 1

for k = 2

A 1 x
L
---–⎝ ⎠

⎛ ⎞ A1
x
L
---A2 0 x L≤ ≤+=

A1 A2
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(ii) Element Characteristic Matrices

Element matrices are generated explicitly in the element local axes and transformed to global
coordinates before assembly. Denoting the element nodal displacement vector by,

(2.37)

then, the element stiffness matrix in element local axes for the 3-D spar and cable elements is given by,

 (2.38)

where, E is the modulus of elasticity of the element material.

The element stiffness in global coordinates may be obtained by the transformation matrix T. For 3-D
elements, the matrix T is a  matrix whose columns represent the cosine directions of the local
axes with respect to the global axes. The global element stiffness matrix, K, is then obtained by the
transformation,

(2.39)

where, 

 (2.40)

and O is a  or  null matrix for 3-D and 2-D elements, respectively.

ue u1  v1  w1  u2  v2  w2[ ]T=

K′
E A1 A2+( )

2L
---------------------------

1 0 0 1– 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1– 0 0 1 0 0

0 0 0 0 0 0
0 0 0 0 0 0

=

3 3×

K R K′ RT=

R T O
O T

=

3 3× 2 2×
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The element consistent mass matrix is obtained in global coordinates by assuming a linear
displacement field (Equation (2.35)). For 3-D spar elements, this is given by,

(2.41)

where,

(2.42)

(2.43)

(2.44)

where,  is the material density. For spring elements (NKTP = 17, 18, 21, 22 and 38), the spring
constants replace the coefficient multiplier in Equation (2.38) in each specific direction and a null
mass matrix, Equation (2.41) is assumed. Such elements may be used in dynamic analysis provided
that it is connected to other elements with non-zero masses.

As an example to the stiffness matrix for spring elements, we consider the 3-D general spring for
which the stiffness matrix may be expressed as,

 and (2.45)

(2.46)

where,  and , are translational spring constants in the local x, y and z axes, respectively, and
 and  are the torsional spring constants in local x, y and z axes, respectively.

M ρL
12
------

α1 0 0 β 0 0

0 α1 0 0 β 0

0 0 α1 0 0 β

β 0 0 α2 0 0

0 β 0 0 α2 0

0 0 β 0 0 α2

=

α1 3A1 A2+=

α2 A1 3A2 and+=

β A1 A2+( )=

ρ

K′
K′s K′s–

K′s– K′s
=

K′s diag kx ky kz krx kry krz, , , , ,( )=

kx ky, kz

krx kry, krz
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(iii) Element Load Vectors

For spar and cable elements, load vector due to body forces is available for linear or gravity
acceleration, centrifugal loading due to angular velocity and tangential loads due to angular
acceleration. See Section 2.2.1 for discussion of the equations for body force calculations. Load vector
due to thermal effects is also available for spar and cable elements. Temperature variation along the
element axial direction is assumed to be linear,

(2.47)

where,  and  are the nodal temperatures at the two end points. Therefore, the element thermal

load vector,  in the element local coordinates is given by,

(2.48)

where,

(2.49)

α is the coefficient of thermal expansion, E is Young's modulus and  is the stress-free

temperature.

No pressure load vector is available for spar and cable elements.

Once the element load vector in element local coordinates, , is established, a simple vector
transformation gives the load vector in global coordinates as,

(2.50)

where, the transformation matrix R is defined in Equation (2.40).

T x( ) 1 x
L
---–⎝ ⎠

⎛ ⎞ T1
x
L
---T2+=

T1 T2

f′{ }th

f′{ }th Eα
6

-------⎝ ⎠
⎛ ⎞ a–   0   0   a   0   0

T
=

a T1 2A1 A2+( ) T2 A1 A2+( ) 3Tsfree
A1 A2+( )–+=

Tsfree

f′

f Rf′=
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2.4.3  2-D Solid Elements (NKTP = 1, 2, and 3)
(i) Introduction

The 2-D solid elements in VPG/NISA include plane stress elements (NKTP = l), plane strain elements
(NKTP = 2) and axisymmetric ring elements (NKTP = 3). The element may be shaped as a 4 to 12
node quadrilateral, or as a 3 or 6 node triangle depending on the selected NORDR value. Each node
has two degrees of freedom  and . The state of stress is characterized by three components:

, and , for the plane stress, NKTP = 1, elements (with ) and by four components:
, and  for the plane strain, , NKTP = 2, and the axisymmetric, NKTP = 3,

elements. In axisymmetric elements, the axis of rotation is considered to be the y-axis whereas the
circumferential direction is considered to be the z-axis.

Dynamic capabilities are available for the elements including, eigenvalue, transient dynamic,
frequency response, random vibration and shock spectrum analyses. Consistent or lumped mass
formulation are available. Direct transient dynamic analysis is also available for the elements.

In nonlinear analysis, geometric nonlinearity analysis with large displacements, rotations and strains is
available. The choice of total or updated Lagrangian formulation with deformation dependent loading
is available. In material nonlinearity, elastoplastic, hyperelastic and creep models are available.

A bubble function for the lower order 4 node elements, NORDR = 12, is used to enhance the element
performance in bending problems.

(ii) Shape Functions

The elements are isoparametric with the following shape functions for both displacements and
coordinates: 

(2.51)

where,  are the nodal point displacements in x and y directions, respectively,  are the nodal
coordinates, and  are the shape functions given in Table 2.2 and Table 2.3 [2.40] and n is the
number of nodes. The element geometry and coordinate system are shown in Figure 2.3, for both the
quadrilateral and the triangular elements

ux uy

σxx σyy, τxy σzz 0=

σxx σyy σzz, , τxy εzz 0=( )

u Ni ξ η,( )ui    v,
i 1=

n
∑ Ni ξ η,( )vi

i 1=

n
∑= =

x Ni ξ η,( )xi    y,
i 1=

n

∑ Ni ξ η,( )yi
i 1=

n
∑= =

ui vi, xi yi,

Ni ξ η,( )
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.

Figure 2.3: Geometry and coordinate system for 2-D elements (Note: substitute the 
numbers 1.2,... for I, J,... depending on the NORDR values)

It should be noted that for the triangular elements, the area or natural coordinates are used. These are
defined by the following relations for a typical point P (see Figure 2.4).

Table 2.2: Interpolation functions of 4- and 8-node quadrilateral 2-D elements

Shape Function* include only if the mid-side node exists

node M node N node O node P

0 0

0 0

0 0

0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

* Note: The subscripts I, J, K,... should be substituted with the numbers 1, 2, 3,... depending on the node 
locations. For example, for NORDR = 1, I, J, K, L = 1, 2, 3, 4 and M, N, O, P do not exist.

NI ξ η,( ) = 1
4
--- 1 ξ+( ) 1 η+( ) 1

2
---NM– 1

2
---NP–

NJ ξ η,( ) = 1
4
--- 1 ξ–( ) 1 η+( ) 1

2
---NM– 1

2
---NN–

NK ξ η,( ) = 1
4
--- 1 ξ–( ) 1 η–( ) 1

2
---NN– 1

2
---NO–

NL ξ η,( ) = 1
4
--- 1 ξ+( ) 1 η–( ) 1

2
---NO– 1

2
---NP–

NM ξ η,( ) = 1
2
--- 1 ξ2–( ) 1 η+( )

NN ξ η,( ) = 1
2
--- 1 ξ–( ) 1 η2–( )

NO ξ η,( ) = 1
2
--- 1 ξ2–( ) 1 η–( )

NP ξ η,( ) = 1
2
--- 1 ξ+( ) 1 η2–( )
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Table 2.3: Interpolation functions of 3- and 6-node triangular 2-D elements

Figure 2.4: Area or natural coordinates for the triangular 2-D elements

(2.52)

Shape Function* include only if the mid-side node exists

node L node M node N

0

0

0

0 0 0

0 0 0

0 0 0

* Note: For the 3-node triangular element, I, J, K = 1, 2, 3 and nodes L, M, N do not exist. For the triangular 
element I, J, K = 1, 3, 5 and L, M, N = 2, 4, 6

NI ξ η,( ) = 1 ξ– η– 1
2
---NL

1
2
---NN

NJ ξ η,( ) = ξ 1
2
---– NL

1
2
---NM–

NK ξ η,( ) = η 1
2
---NM– 1

2
---NN–

NL ξ η,( ) = 4ξ 1 ξ– η–( )

NM ξ η,( ) = 4ξη

NN ξ η,( ) = 4η 1 ξ– η–( )

L1
A1
A
------    L2

A2
A
------    L3

A3
A
------=,=,=
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where, A is the total area of the triangle. Hence,

(2.53)

and the relation between the area coordinates and the isoparametric coordinates is given by,

(2.54)

from which Table 2.3 may be expressed in terms of  and .

In the case of cubical shape functions, for elements with 4 nodes on any side, the following forms are
used (refer to Figure 2.5):

(2.55)

(2.56)

(2.57)

Figure 2.5: Geometry and coordinate system for elements with cubic shape functions

where,

(2.58)

L1 L2 L3+ + 1=

L1 1 ξ– η–= L2 ξ= L3 η=

L1 L2, L3

Ni ξ η,( ) 1
32
------ 1 ξo+( ) 1 ηo+( ) 9 ξ2 η2+( ) 10–( )=

for i = 1, 4, 7 and 10

Ni ξ η,( ) 9
32
------ 1 ξo+( ) 1 η2+( ) 1 9ηo+( )=

for i = 5, 6, 11 and 12

Ni ξ η,( ) 9
32
------ 1 ηo+( ) 1 ξ2–( ) 1 9ξo+( )=

for i = 2, 3, 8 and 9

ξo ξξi and η o η η i  for node i= =
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The eight node element is easily adaptable to crack-tip analysis by simply shifting the mid-side node to
a quarter point location. Doing so, a singularity of the type , where, r is the distance measured
from the corner node, is produced. This matches exactly the singular stress field around the crack-tip.
The elements may be also used in transition regions of mesh grading. These transition elements
produce better accuracy, however, when the element shape is nearly rectangular and when the non-
corner nodes are located in their natural position, e.g., mid-side nodes at the center of the edge.
Therefore, the user should use such transition elements with caution.

In the case of the linear 4-node element with NORDR = 12, two extra shape functions are added in
both u and v directions to improve the element behavior in bending, and we have,

(2.59)

where,  and  are internal or nodeless degrees of freedom that are eliminated on the element
level. The element, as such, is incompatible because the nodeless degrees of freedom may be activated
in one element but not in its neighboring elements.

The extra degrees of freedom are condensed out before the stiffness assembly and recovered at the
stress calculation level. However, an extra iterative loop is needed, in nonlinear analysis, in order to
ensure no load application at the nodeless degrees of freedom for the subsequent iterations.

(iii) Element Characteristics:

Element stiffness and Mass Matrices:

Starting from the element shape functions in the form,

and

(2.60)

The strains for the 2-D elements are given by,

For plane stress / plane strain case

1 r⁄

u Ni ξ η,( )ui 1( ξ2– )a1+
i 1=

n
∑ 1( η2– )a3+=

v Ni ξ η,( )vi 1( ξ2– )a2+
i 1=

n
∑ 1( η2– )a4+=

a1 a2 a3, , a4

x Nixi    i 1=

n
∑= y Ni yii 1=

n
∑=,

u Niui    i 1=

n
∑= v Nivii 1=

n
∑=,
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(2.61)

(2.62)

(2.63)

where, B is the strain-displacement matrix. The derivatives in the B matrix are evaluated using the
Jacobian transformation as follow,

or,

(2.64)

from which,

(2.65)
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where,

(2.66)

Therefore,

(2.67)

It should be noted that in the case of plane stress, the strain in the third direction is calculated from,

(2.68)

For axial symmetry case (wherein x, y, and z represent radial, axial and circumferential directions,
respectively),

(2.69)

where, the derivatives in the B matrix are evaluated using the Jacobian transformation as discussed
above.
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The stiffness and the consistent mass matrices are then calculated from the following equations,

(2.70)

(2.71)

where,

In the case of elements with extra shape functions (bubble functions), NORDR = 12, the above
equations take the following forms,

(2.72)

where, B' is the partition of the strain displacement matrix due to the extra shape functions and  is the
vector of the nodeless degrees of freedom.

The stiffness matrix of the element will thus take the form of,

(2.73)

dV =  for plane stress/strain cases,

=  for axisymmetric case,

t = element thickness (  for plane strain)

x =

: the material mass density

C : the stress-strain constitutive matrix given in Section 2.3.1

K BTCB Vd
V∫=

M ρNTN Vd
V∫=

t  J dξ dη

2πx  J dξ dη

1.0≡

Nixi
i 1=

n
∑

ρ

ε B B′,[ ]
u
a⎩ ⎭

⎨ ⎬
⎧ ⎫

=

a

K[ ]
Kuu Kua

Kau Kaa

=

VPG/NISA User’s Manual 2-29



Theoretical  Overview                   
VPG/NISA Elements
where,

: is the regular stiffness matrix due to nodal D.O.F. (displacement),

(2.74)

: is an extra stiffness contribution due to nodeless D.O.F.

(2.75)

: is the coupling stiffness matrix between displacement and nodeless D.O.F.,

(2.76)

and

(2.77)

It should be noted that the extra shape or 'bubble' functions allow the element to move more flexibly.
This added flexibility leads to better simulation of bending behavior. The bubble functions, on the
other hand, may cause the element to be 'incompatible' and it may fail the patch test (unless elements
are shaped as parallelogram in plane stress/strain case, see reference [2.41]).

To avoid the above problem, the following numerical scheme [2.41] is utilized in VPG/NISA which
leads to automatic satisfaction of the patch test for plane stress and plane strain cases. Somewhat
similar treatment is provided for the axisymmetric case. 

For this element to pass the patch test, we assume an imposed displacement field,  which
corresponds constant strain/stress state. The element equation becomes,

(2.78)

Kuu

Kuu BTCB Vd
V
∫=

Kaa

Kaa B′TCB′ Vd
V
∫=

Kua

Kua BTCB′ Vd
V
∫=

Kua K T
au=

uc

Kuu Kua

Kau Kaa

uc

O⎩ ⎭
⎨ ⎬
⎧ ⎫ p
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⎨ ⎬
⎧ ⎫

=
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where, we assumed no loading for incompatible modes, and we require that the nodeless or
incompatible D.O.F. to be zero, if the patch test is to be passed. The second of Equation (2.78) gives,

(2.79)

which upon substitution of Equation (2.76) gives,

(2.80)

where, , is the arbitrary constant stress state. Therefore, for plane elements we require the following
condition for the automatic satisfaction of the patch test.

(2.81)

Noting that B' contains first powers of  and , the satisfaction of Equation (2.81) is guaranteed if t
and  are constants. This is attained by calculating  at the centroid of the element, i.e., at

, regardless of the actual coordinates of the Gauss integration point.

The nodeless D.O.F. are condensed on the element level according to the following static condensation
scheme:

(2.82)

The second of the above equations give,

(2.83)

which upon substitution in the first equation gives,

(2.84)

where,

(2.85)

(2.86)

Kau uc O=

B′TCB Vd
V∫⎝ ⎠
⎛ ⎞ uc B′T Vd

V∫⎝ ⎠
⎛ ⎞ σc 0==
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ξ η
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ξ η 0= =
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after which the element is treated as a regular element with only nodal D.O.F. In the stress calculations,
the nodeless D.O.F. are recovered from Equation (2.83) and the strains are calculated, based on the
recovered values, using Equation (2.72).

Note that Equation (2.82) to Equation (2.86) represent standard static condensation algorithm. For
linear static analysis, no loads are applied to the nodeless degrees of freedom, i.e., . However,
in nonlinear static analysis, an iterative loop is performed to eliminate the residual load vector
corresponding to the nodeless degrees of freedom.

Element Load Vectors

Following the development in Section 2.2, the equivalent load vector of the element due to pressure on
one or more of its sides is given by,

(2.87)

where,  is the element shape function calculated at the surface where pressure is acting and  is the
surface traction vector (due to pressure) on the pertinent surface. The surface traction vector may
represent constant pressure on the element face or variable pressure specified by different pressure
values at the nodes of the particular face of the element.

The equivalent load vector of the element due to body forces is given by,

(2.88)

where the integration is taken over the element volume and b is the body force vector. For a detailed
discussion of the body force vector b, see Section 2.2.1.

The equivalent element load vector due to thermal loading is calculated from the thermal strain vector,

(2.89)

for isotropic plane stress case,

(2.90)

for isotropic plane strain case, and

(2.91)

pa 0=

ps NsT
ts Sd

S∫=

Ns ts

pb NTb Vd
V∫=

εth αΔT αΔT 0,,[ ]T=

εth α 1( v )ΔT α 1( v )ΔT 0,+,+[ ]T=

εth αΔT αΔT αΔT 0,,,[ ]T=
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for isotropic axisymmetric case

where, α is the coefficient of thermal expansion, and  is the difference between the actual Gauss
point temperature and the stress-free reference temperature. For orthotropic materials. Equation (2.89)
to Equation (2.91) take the form,

(2.92)

for orthotropic plane stress case,

(2.93)

for orthotropic plane strain case,

(2.94)

for orthotropic axisymmetric case,

In the plane strain case, the total  is ensured to be zero, from which the stress in the third direction
, is given by,

(2.95)

for isotropic case,

(2.96)

for orthotropic case,

On the other hand, for plane stress case, the stress in the third direction  is ensured to be zero, from
which the strain is given by,

(2.97)

for isotropic case,

(2.98)

ΔT

εth αxΔT αyΔT 0,,[ ]T=

εth v( zxαz αx )ΔT v( zxαz αy )ΔT 0,+,+[ ]T=

εth αxΔT αyΔT αzΔT 0,,,[ ]T=

εzz

σzz

σzz v σ( xx σyy ) EαΔ– T+=

σzz v( zxσxx vzyσyy ) EzzαzΔ– T+=

σzz

εzz
v–

E
----- σ( xx σyy ) αΔT+ +=

εzz
1–

Ezz
-------- vzxσxx vzyσyy )+( αzΔT+=
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for orthotropic case,

(iv) Nonlinear Analysis

Shape Functions

For nonlinear analysis, we assume both the displacement and the displacement increment to have the
same shape function approximation, i.e.,

, (2.99)

(2.100)

where,  for total Lagrangian formulation and  for updated Lagrangian formulation, and
 indicates the last updated configuration. Same shape functions given in Table 2.2 and Table 2.3 are

used here, and also those for bubble function treatment.

Element Characteristics

Following the development given in Section 2.3, the following characteristic matrices for the element
are obtained: 

The strain-displacement relationship is given by,

(2.101)

where,

(2.102)

ut i xτ
( ) Nk xτ( ) ut k

ii 1=

n∑=

Δ ut i xτ( ) Nk xτ( )Δ ut k
i

i 1=

n
∑=

xτ xo= xτ xt=
τ

Δ Eto Bto lin Bto nl1+( )= Δ uto

Bto lin …

Nto k 1, 0

0 Nto k 2,

Nto k

x1
o
--------- 0

Nto k 2, Nto k 1,

…=
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where,

(2.103)

(2.104)

and the third row corresponds to the hoop strain ( , where,  is the circumferential direction) and is
only added for axisymmetric problems,

(2.105)

where,

(2.106)

and the third row corresponds to  and is only added for axisymmetric problems.

In the case of updated Lagrangian formulation, the matrix  vanishes, and all other quantities are

with respect to the most updated reference configuration, i.e., , etc.

The element stiffness matrix is given by,

(2.107)

where the component stiffness matrices and, , and  defined in Section 2.3. In these

nonlinear stiffness contributions, the nonlinear strain-displacement transformation matrix  is
given by,

Nto k i,
∂ Nto k

∂ xi
o

-----------=

xi
o Nto k xo k

k 1=

n
∑=

Eθθ θ

Bto nl1 …

l11 Nto k 1, l21 Nto k 1,

l12 Nto k 2, l22 Nto k 2,

l33 
Nto k

x1
o
--------- 0

l11 Nto k 2, l12 Nto k 1,+( ) l21 Nto k 2, l22 Nto k 1,+( )

…=

lij Nto k j, ut k
ik 1=

n
∑=

Eθθ

Bto nl1

Ntτ xτ,

Kto Kt 1( )
o Kt 2( )

o Kt 3( )
o Kt 4( )

o–+ +=

K 1( ) K 2( ) K 3( ), , K 4( )

Bto nl2
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(2.108)

and the matrix  of Equation (2.109) is given by,

(2.109)

where the last row in Equation (2.109) and the last row and column in Equation (2.110) are only
included for axisymmetric problems.

By changing the reference configuration to the most updated one (i.e. ox to rx) and replacing the second

Piola/Kirchhoff stresses  with the Cauchy stresses , Equation (2.109) and Equation (2.110)
will be suitable for updated Lagrangian formulation.

The initial load or load correction matrix of Equation (2.109) is computed from the following matrices,

(2.110)

Bto nl2 …

Nto k 1, 0

Nto k 2, 0

0 Nto k 1,

0 Nto k 2,

Nto k

x1
o
--------- 0

…=

Ŝ

Ŝ
t
o

Sto 11 Sto 12 0 0 0

Sto 21 Sto 22 0 0 0

0 0 Sto 11 Sto 12 0

0 0 Sto 21 Sto 22 0

0 0 0 0 Sto 33

=

Sto σt Stt≡

S
ˆo

S
o

1( ) S
o

2( ) 0 0
0 0 0 0
0 0 0 0

0 0 S
o

1( ) S
o

2( )

=
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and

(2.111)

where the bar indicates that the quantity is calculated at the surface where the traction is applied, and

 are the components of the surface traction vector.

(v) Special Features

Bubble Functions

It is shown that the use of bubble functions in the linear elements (NORDR = 12) leads to almost
identical results with the quadratic elements (NORDR = 2), even for considerable degree of
nonlinearity, see for example problem 3.21 in the VPG/NISA Verification Problem Manual.

N̂
t
o …

N
t
o k 0

N
t
o k 0

0 N
t
o k

0 N
t
o k

…=

S
o

1( ) S
o

2( ),( )
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2.4.4  3-D Solid Element (NKTP = 4)
(i) Introduction

The 3-D elements in VPG/NISA are based on a general state of stress characterized by six
components, . The elements have three degrees of freedom per node,

 and they are suitable for modeling 3-D solid structures with general loadings. The elements
can be shaped as an 8 or 20 node hexahedron (brick) element, a 6 or 15 node wedge element, or a 4 or
10 node tetrahedron element depending on the selected NORDR value.

Dynamic capabilities are available for the elements including, eigenvalue, transient dynamic,
frequency response, random vibration and shock spectrum analyses. Consistent or lumped mass
formulations are available and direct transient dynamic analysis is also available for these elements.

In nonlinear analysis, geometric nonlinearity analysis with large displacements, rotations and finite
strains is available. The user may choose the type of formulation as total or updated Lagrangian
formulation and the loading may be deformation dependent. Various material nonlinearity models are
available including elastoplasticity, hyperelasticity and creep models.

A bubble function for the lower order 8 node element, NORDR = l, is available for both linear and
nonlinear analysis.

(ii) Shape Functions

The elements are isoparametric with the following shape function relations for both displacements and
coordinates,

(2.112)

where,  are the nodal point displacements in x, y, and z directions, respectively,  are the
nodal point coordinates, and  are the element shape functions. Table 2.4 lists all shape
functions for various 3-D element orders, [2.43]

σxx σyy σzz τxy τyz τzx, , , , ,( )

ux uy uz, ,( )

u Ni ξ η ζ, ,( )ui   
i 1=

n
∑=    x Ni ξ η ζ, ,( )xi

i 1=

n
∑=,

v Ni ξ η ζ, ,( )vi   
i 1=

n
∑=    y Ni ξ η ζ, ,( )yi

i 1=

n
∑=,

w Ni ξ η ζ, ,( )wi   
i 1=

n
∑=    z Ni ξ η ζ, ,( )zi

i 1=

n
∑=,

ui vi wi, , xi yi zi, ,

Ni ξ η ζ, ,( )
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Table 2.4: Interpolation functions for 3-D solid elements

Element Shape/NORDR Shape Functions+ 

Ni
1
8
--- 1 ξ0+( ) 1 η0+( ) 1 ζ0+( ) i; 1 2 3 … 8, , , ,= =

Ni
1
8
--- 1 ξ0+( ) 1 η0+( ) 1 ζ0+( ) ξ0 η0 ζ0 2–+ +( );=

i 1 3 5 7 13 15 17 19, , , , , , ,=

Ni
1
4
--- 1 ξ2–( ) 1 η0+( ) 1 ζ0+( )  i; 2 6 14 18, , ,= =

Ni
1
4
--- 1 η2–( ) 1 ξ0+( ) 1 ζ0+( )  i; 4 8 16 20, , ,= =

Ni
1
4
--- 1 ζ2–( ) 1 ξ0+( ) 1 η0+( )  i; 9 10 11 12, , ,= =

Ni
1
2
---L1 1 ζ0+( )  i; 1 4,= =

Ni
1
2
---L2 1 ζ0+( )  i; 2 5,= =

Ni
1
2
---L3 1 ζ0+( )  i; 3 6,= =

+ξ0 ξξi,η0 η ηi ζ0 ζζi=,==
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